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Abstract

The standard white dwarf (WD) cooling theory is revised. The acausality implicit in the
Maxwell-Fourier Law, used in the WD Standard Theory of Cooling, may be an invalid
simplification in degenerate matter, where convective flows are correctly described by
Cattaneo's Law. It is shown that the WD-cooling time is significantly shorter when
considering causal propagation through heat waves in WD. The age of 7889 stars from the
Gaia White Dwarf catalog is calculated. Additionally, the WD-age is estimated for very old
stars, obtaining an average age of 12.591*3-2¢¢ Gyr for DA and 12.589%9742 Gyr for DB.
This cosmochronology allows to infer H, = 77.74*%km/sMpc in agreement with direct
measurements of the Hubble constant.
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Introduction: WD Radiative Transport

White dwarfs (WD) are the dense, hot remnant core left after the gravitational collapse of
a low- or intermediate-mass star, when it exhausts all its nuclear fuel. Unable to perform
further fusion in its core, the star ejects its outer layers (forming a planetary nebula) and
the core contracts under the weight of its own gravity. These objects have effective surface
temperatures ranging from 103 K to 105 K, and extraordinarily high densities, in the range
of 104 to 107 g/cm3 [1,2]. This high density is a consequence of a mass comparable to
that of the Sun (M ~ M©®) being confined in a volume approximately the size of the Earth
(~ 10-3RQ). At these extremely high densities, electrons are stripped from their nuclei,
creating an ultra-compact "sea" of nuclei floating on free electrons, and matter is said to
be degenerate. The electrons' resistance to occupying the same quantum state generates
a degeneracy pressure, independent of temperature, which is strong enough to counteract
the force of gravity and halt the gravitational collapse. Lacking an internal power source,
the white dwarf simply glows from trapped residual heat, over millions of years, it will
slowly cool down.
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If the energy is transported through the star layer by radiation, conduction and/or
convection, the temperature gradient is given in the stellar interior in terms of opacity ,

density p and energy flux by the relation [2,3]:kF
oT 3k F (1)

ar  4acT3

where a= 7,57101> erg.cm3 K+ is the radiation-density constant and c is the light velocity.
Also, the hydrostatic equilibrium equation is:

= 2

om 4mrr4

Using the Kramers-opacity x = k, P T~°/?, the equations (1) and (2) can be integrated,
then

T = et ®)

The thermal conductivity of the electron gas is so high that the degenerate WD core is
practically isothermal, whereas, conversely, heat transfer through the thin, non-degenerate
surface layer is very slow and inefficient. The surface layer (the external convection zone)
of the WD is crucial in determining its thermal structure and cooling times, which depend
primarily on the internal temperature and are determined by the energy flow through the
non-degenerate outer layers. Then using the ideal gas equations in the transition layer, we
obtain the relationship between temperature, mass, and luminosity, normalized with
respect to solar values [2]:

L/L
= o (52 )
Where the WD chemical composition is incorporated through the mass fractions of H, He
and the metallicity by the constants X, Y and B respectively. p is the average molecular
weight, e is the average molecular weight per free electron

S(1+X)(X+Y+B
9 = 5.790 x 10%5[ K7/?] [% (5)
Also, as the luminosity is associated with the temporal variation of internal energy, then:
aL ar M. 4T dar

Where C, is the specific heat. Thus, using (4) and (6), we obtain the differential equation
for the cooling time

ar _ _Lo 1 /2
at Mg c,,ﬁT )

Integrating from t=0 to the "lifetime" of the WD, we obtain standard cooling time for
diffusion (diffusive cooling times) [2,3]:

5/7
d 2 M _ _ 4.7x107[yr] (M/M
t’(’)ZEC”ﬁ(LS)T e <L/L§) ®)

with A the mass number.
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This relationship has been widely used to constrain the age of white dwarfs in stellar
cosmochronology and to compare it with the migration and breakup times of star clusters.
The cooling time of white dwarfs is important for assessing the age of the galactic disk [4-
6], as a standard chronometer for constraining the age of the Universe [7,8], and for
describing the history of the Milky Way [9].

However, the preliminary calculation of the standard cooling time for heat diffusion begins
by assuming the Maxwell-Fourier law for heat flux propagation (1), which is not valid for
degenerate matter [10-12]. Consequently, we might ask how the cooling time changes if
we use the causal generalization of the heat propagation law for luminosity (Cattaneo's
law) and the implications of stellar cosmochronology for the age of the universe problem.
To this end, we study the causal propagation of heat in degenerate material and derive the
general equation for the cooling time of white dwarfs (section 2). Then, in section 3, we
present the calculation of the age of white dwarfs, using heat waves, in the Gaia-DR2
catalog [13]. In the last two sections, we present the discussion about the Hubble tension
and the general conclusions, respectively.

Methodology: Causal Heat Propagation

We can see that (1) is just Fourier-Maxwell law for energy due to thermal conductivity in
the approximation of diffusion:

F(r,t) = —kVT(r,t) (9)

where the coefficient of conductivity for the diffusion energy.

_4acT 3

3x (10)
It is well known that Fourier-Maxwell law leads to a parabolic equation for T, according to
which perturbations propagate with infinite speed [10,11]. The origin of this non-causal
behavior is found (7) which it is assumes that the energy flux appears at the same time
the temperature gradient is switched on. A heat flux equation leading to a hyperbolic
equation (telegraph equation) is the Cattaneo law:

k

F(r,t +t) = —=kVT(1,t) (11)
Where 1 is the relaxation time, this is the lapse that the flux of heat appears after a

temperature gradient is switched on. Expanding by Taylor series the left side of (11) for
small ¢ we have

t 2+ F = —kVT (12)

Note that if the relaxation time is negligible, Cattaneo's law (12) is identical to Maxwell-
Fourier's law (1) . Neglecting the relaxation time is, in general, a sensible thing to do
because for most materials it is very small of the order of 10-11 s for the phonon-electron
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interaction and of the order 10-13 s for the phonon-phonon and free electron interaction.
There are, however, situations where the relaxation time may not be negligible 10-3 s
for superfluid helium II and by the interior of a neutron star [10,11]. Thus, (12) can be
written as:zs for the phonon-phonon and free electron interaction. There are, however,
situations where the relaxation time may not be negligible 10s for superfluid helium II
and by the interior of a neutron star [10,11]. Thus, (12) can be written as:

F(r,t) = == ' VI(rt)e (=) mar’ (13)

The temperature gradient can be approximated in terms of the temperature difference D7,
between the surface and the core, of the white dwarf with radius R. Defining the heat flux
F as the product of the luminosity and the surface area, we obtain, using (5) that:

L=—C, 2 ="0" pr(t)e=(=)dr (14)

According to this result, the luminosity at an instant t contains the contributions of all
previous thermal gradients; therefore, the luminous flux is greater at every instant and the
white dwarf will cool more rapidly than in the diffusion approximation, which only responds
to the instantaneous temperature gradient.

After using the Laplace transform, the differential equation can be integrated by DT, as:

/2
DT(t) = DT(0)e~ /%7 [cos (2’—:) + 12—:’sin (‘:—Tt)] (15)
Where:
_t 2 _ 4t _ pCyR? _ CyM
X =0 ! w +1_rd Ta = 73 T tnre (16)
Therefore, luminosity is expressed as:
L = Lyet/7a gx(0*-1)/2 [cos (wx) + S'lni)—wx)] = Loe " n(x, w) (17)

Note that the luminosity is not monotonous, but rather undergoes a damped oscillation as
it propagates within the WD. Now, as before (section 1), substituting the true luminosity
(17) into (6) and integrating from t=0 to the " lifetime" of the WD, we obtain the cooling
time when heat waves occur:

ty n(x,w) 2 Mo -5/2

dt = 2¢,9 (—) T 18

b et =567 (i) T (18)
Note that, when 120, we obtain the standard cooling equation (8). The general solution of
(18) is:

T4 wty 1-w?\ . [(wty\| _ ()
(;) t, — T4ln |cos (;) + ( » )sm (?) =t, (19)
Using (8) on the right-hand side, and the fact that the second term of the first member is
bounded and very small, the preceding expression can be simplified as:

7q __ 47x107[yr] (M/Mg 5/7
(21) by A ( L/Lo ) (20)
Now, we calculate the thermal adjust time () used (16) with the heat capacity by
degenerate material [10]and the thermal conductivity is dominated by electrons [10],
then:t,C, = 10%2T (JK 2k ~ 103p T~ (Wm™1K ™)
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74 = 80| ]2 ElS) (21)

103K
On other hand, the relaxation time () is given by relation [10], where B is the order of
velocity of second sound in Helium[14,15], i.e . Then:tr = 10738728 ~ c//3

__ 245[Gyr] [10°K 4 R | [M/Mg 5/7
fo A [ T ] [Rc)] [L/Lo] (22)
In the next section we will calculate the cooling time of the WD based on the astronomical
observables.

Results: Cooling Time and Heat Waves

The database used to apply (22) is the Gaia SVO white dwarf archive [16], which contains
73.221 white dwarfs identified using Gaia-DR2 and the Virtual Observatory (Jiménez-
Esteban et al. 2018) [13]. This catalog was selected because it provides the necessary
numerical values for mass, radius, and luminosity; with excellent astrometric and
photometric measurements. It also shows other important values such as effective
temperature ( 7e#), distance (dist.), and astronomical coordinates (RA, DEC). The data from
this catalog were reduced to 7 887 confirmed white dwarf stars in the Galaxy with complete
datasets.

Analysis of the mass-radius relationship (Fig. 1) reveals the characteristic behavior of
objects sustained by electron degeneracy pressure, where there is an inverse correlation
between these parameters. When modeling the distribution, the linear fit; i.e. log(R/Ro)
= 0.91log(M/Mp)-2.09, allows us to identify a general trend of stellar contraction with
increasing mass. Also, the third-degree polynomial fit allows us to show the asymptotic
limit of the selected sample, as it approaches the Chandrasekhar limit when the slope of
the distribution becomes steeper, i.e.:

log (R/Rg) = —1.10 (log (M/MO))3 —1.26log (M/MG))Z — 1.23 (log (M/Mg)) - 2.11.
(23)

T2
tag( M/

Figure 1: Radius-mass Ratio for the Selected Sample.

The Figure. 2 shows the percentage distribution of the white dwarf sample, classified
according to their chemical composition. Hydrogen-rich white dwarfs (DA) predominate,
constituting 86.2%. The remaining percentage is distributed among several helium-
dominated subcategories: helium-type (DC) at 5.9% and helium-type (DB) at 3.7%. Stars
with traces of carbon or oxygen (DQ, 2.2%) and those with metals or helium (DZ) (1.7%)
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are present in smaller proportions, while other minor types with a defined composition
represent only 0.3% of the sample.

A DA (i)

a0 DC (He,
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Others

DA 86.2%

Figure 2: Spectral Classification of the WD in the Selected Sample (73221 Stars)
Figure (3) illustrates the cooling time distribution for the studied sample, classified
according to spectral type. The left panel presents the diffusive cooling times (tf,d)) using
Fourier's Law for heat propagation, and the right panel presents the cooling times ( t, )
calculated using Cattaneo's Law of causal heat propagation. It can be observed that, in
general, heat propagation by waves significantly reduces the cooling time compared to the

acausal approach.
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Figure 3: Comparlson of Cooling Ages for the WD Sample by Spectral Type. Left
Panel: Diffusive Cooling Times (t,gd)) Based in Maxwell-Fourier Law, Right Panel:
Causal Cooling Times (¢, ), Using Cattaneo's Law (heat Waves).

Analysis of the majority population of hydrogen-atmospheric white dwarfs (DAs) reveals a
marked acceleration in the cooling process. While classical models predict a median age of
1.78%279Gyr, equation (22) yields a value of 1.18*}83Gyr. This reduction suggests that
galactic chronology based on these objects may require recalibration; star clusters and
galactic disk structures dated using these stars could be substantially younger than
currently accepted.

In the case of neutral helium-dominated stars (DB type), considered among the earliest
cooling phases after the Asymptotic Giant Branch (AGB), the diffusive cooling times
t‘ ~ 0.187227Gyr. In contrast, the “true” cooling time, that is, through heat waves,
reduces this transition to t, =~ 0.0975-43 Gyr. The halving of this period suggests that the
initial transition of stars after the AGB phase, as well as the gravitational collapse of residual
hydrogen in the atmosphere, occurs at a highly accelerated rate, pointing to rapid energy
dissipation processes via initial heat waves, which are omitted in the standard formalism
based on the acausal propagation of heat. This would also explain why there are fewer DB
stars compared to the detected population of DA stars.

Continuous-spectrum (DC) white dwarfs, associated with advanced and cool stages, show
a discrepancy that remains constant over the long term. The diffusive cooling times
estimate is ¢t ~ 2.03*984Gyr, compared to cooling times ¢, ~ 0.987%41Gyr calculated
with our model This drastic difference in the more mature stages implies that mechanisms
such as core crystallization or deep convective coupling extract thermal energy less
efficiently than mechanisms based on wave-like heat propagation, directly affecting the
dating of the oldest stellar populations in the galactic halo.

For the subsample of DQ-type white dwarfs, the discrepancy is even more pronounced.
The acausal approach projects a median of 0.66*313Gyr , but our model determines only
t, = 0.271358. This difference implies that the internal mixing and convective dredging
mechanisms that transport carbon from the core to the outer layers operate with a much
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higher thermal efficiency (heat waves), developing on much shorter evolutionary timescales
than those stipulated by theoretical models calculated using the Maxwell-Fourier La

Discussion: Stellar Cosmochronology
The age of the progenitor stars can be estimated from the masses of the WD remnants
known. [17,18], then:
Myp = 0.08 - My, + 0.49 0.83Mg < Mpyo, < 2.85Mg
Myp = 0.19 - My, + 0.18 2.85Mg < Mpyoy < 3.60Mg (24)
Also, knowing the mass of the progenitor star, the time spent on the main sequence,
including the red giant phase, can be calculated through the relation [19]:
—-2.9
tws = (“222) 10 Gyr] (25)

M

Therefore, the total age of a WD will be the sum of the cooling time plus the time spent in
the nuclear phase (tys). These correspond to the mean values of all 7889 stars. The overall
results are shown in Table 1. The second and third columns correspond to the acausal
diffusive approximation, and the last columns correspond to the calculation corrected by
Cattaeno's Law for degenerate matter and cooling by heat waves.

Table 1: Mean Values Cooling Time and WD-age

WD Sample tD [Gyr] 6P [Gyr]  ty [Myr] ty [Gyr]
Spectral #stars/7889 (difussive) (difussive)  (Heat (Heat
Type [16] Eq(8) £@ 4 tars Waves) Waves)
Y Eq (22) Ly + tys
DA 6798 1.781%2786  5852%3479  7.804127210 232673331
(86.19%)
DB %92 ) 0.183%02%8  1.894%2252 043271233  1.399723543
3.70%
DC 464 2.029%383% 238510893 14.220%1L1%0  0.18313:10¢
(5.88%)
DQ (176 ) 0.658%319%  0.912%3239  4.924*2672  (0,194130123
2.23%
DZ (133 ) 1.728%54%5  1.871%933% 99773321 0.161%39%1
1.69%

The mean values for ages and cooling times in Table 1 must be cleaned because the
selected sample includes WDs of very different masses and radii (Fig. 1). Filtering the
sample only for the oldest stars, whose masses and luminosities are in the range
0.563 3012 My 0.0158 *3:032 L respectively, we obtain Table 2. The average age of this
selected subsample is observed to be on the order of 12 billion years, and consequently,
the Hubble constant is at least 73.7 km/s Mpc. The age of these older WDA-WDBs is in
agreement with the values reported 12.5 *1% Gyr., for WD in the inner halo of Milky Way,
by Kilit et al. [5].
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Table 2: Cooling Time and WD-age for Old

WD ' [Gyr] H [ km ] tr [Gyr] km ]

Spectral = Sample O [Mpc-s| (Heat O |Mpc-s

Tipe #stars/7889 Waves)

DA 217/6798 12.71913972  76.933%3:982 | 12.59113:24% | 77.715%3358
(3.19%)

DB 12/292 12.744708%° 1 76.78015:959 | 12.589%3742  77.727*%%77
(4.11%)

DC 4/464 13.162%5:22% | 74.345%9357 1 12.40913107 78.855%3357
(0.86%)

Mean 12.728 76.8806 12.588 77.7352

The small sample size used in Table 2 (second column) suggests a need for further
refinement of the analysis to establish the age of the Milky Way's inner halo without
potential statistical bias. Other estimates of the age of the WD in the Milky Way's halo have
reported Gyr [6], 10 Gyr [4]. 11.42 Gyr [20]This would be a subsequent endeavor beyond
the scope of this work, whose objective is to demonstrate that the cooling time of the Milky
Way's WD is shorter than assumed when considering causal heat propagation, using the
Cattaneo equation.11.2

Another important aspect is the Hubble Constant Hubble () inferred in Table 2 (last
column), which is consistent with a higher value that inferred from the Planck Satellite data
(), indeed [21], [22], [23]Jand [24]-H, = 77.7 km/sMpcH, =~ 67.74 km/sMpcH, =
75.8%22 km/sMpcHy = 74.22%18 km/sMpc Hy = 72.14%%¢ km/sMpcH, < 86.6 km/sMpc

Summary and Conclusions

The standard cooling time for heat diffusion is based on the assumption of the Maxwell-
Fourier law for heat flux propagation (1), which is not valid for degenerate matter. The
Fourier-Maxwell law leads to a parabolic equation for T, according to which perturbations
propagate at infinite speed. Consequently, the cooling time changes if we use the causal
generalization of the law of causal heat propagation in luminosity, Cattaneo's Law (13).
This heat flux equation leads to a hyperbolic equation where the relaxation time may not
be negligible (for superfluid helium II and within a compact star). Therefore, luminosity is
expressed as a damped oscillation as it propagates within the white dwarf, by means of
heat waves. Then WD-cooling time is significantly shorter (see Eq 22 and Fig 3).

The GAIA-DR2 catalog of 7887 confirmed white dwarfs was used. The analysis of the mass-
radius relationship (Figure. 1) reveals the characteristic behavior of objects sustained by
electron degeneracy pressure. And that of the majority population of hydrogen-
atmospheric white dwarfs reveals a marked acceleration in the cooling process. This
reduction suggests that galactic chronology based on these objects may require
recalibration; star clusters and galactic disk structures dated with these stars could be
substantially younger than currently accepted, raising implications for stellar
cosmochronology regarding the age of the universe. Furthermore, the age of white dwarfs
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is estimated for very old stars, yielding an average age of 12.591*3-3¢% Gyrfor DA and
12.58919722 Gyrr for DB. This cosmochronology allows us to infer H, = 77.74*% km/sMpc
in accordance with direct measurements of the Hubble constant.
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